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Abstract. We prove existence and uniqueness of foliations by stable 
spheres with constant mean curvature for 3-manifolds which are asymp- 
' totic to Anti-de Sitter-Schwarzschild metrics with positive mass. These 

, metrics arise naturally as spacelike timeslices for solutions of the Ein- 

. ■ stein equation with a negative cosmological constant. 

a 

1. Introduction 

, In 1996, Huisken and Yau [11] showed that metrics that arise as spacehke 

^ ■ timeshces of solutions to the Einstein vacuum equation have a weU defined 

. center of mass. More precisely, they showed that metrics which are as- 

I ymptotic to Schwarzschild metrics with positive mass outside a compact 

^ ■ set admit, under some technical assumptions, a unique foliation by stable 

spheres with constant mean curvature. We prove an analogous result for a 
■ large class of metrics that arise naturally as spacelike timeslices for solutions 

to the Einstein equation with negative cosmological constant. More pre- 
1^ I cisely, we show that metrics which are, outside a compact set, asymptotic to 

a • Anti-de Sitter-Schwarzschild metrics with positive mass admit, under some 

^ , technical assumptions, a unique foliation by stable spheres with constant 

mean curvature and thus, they have a well defined center of mass. 

Most of the work in this paper is devoted to prove uniqueness of foliations 
by stable spheres with constant mean curvature for asymptotically Anti-de 
' Sitter-Schwarzschild metrics with positive mass. Note that the uniqueness 

of such foliations fails for the hyperbolic 3-space and so the positivity of the 
mass needs to be used. The central idea in the paper consists in combining 
the positivity of the mass with the Kazdan- Warner obstructions [12] in order 
to prove uniqueness. The relation between positive mass and the study of 
foliations near infinity was observed by Christodoulou and Yau in [6]. 

The existence of such foliations in the asymptotically flat setting was 
proven by Huisken and Yau [11] using a modified mean curvature flow and 
by Ye [18] using a perturbation method. For metrics asymptotic to Anti-de 
Sitter-Schwarzschild metrics, the existence of such foliations was proven by 
Rigger [15] using the mean curvature flow approach. The arguments in [18] 
can be adapted in a straightforward way in order to obtain the existence 
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result for metrics asymptotic to Anti-de Sitter-Schwarzschild metrics. We 
include its proof in the last section for the sake completeness. 

Before stating the main result we need to introduce some notation. De- 
note by go the standard round metric on S'^. The Anti-de Sitter-Schwarzschild 
manifold with mass m > is defined to be (sq, oo) x with the metric 

5m = (1 + - m/s)~^ds'^ + s^go, 

where sq is the zero oi 1 + — m/s. Note that when m = the Anti-de 
Sitter-Schwarzschild metric becomes the hyperbolic metric. After a change 
of coordinates, the metric can be written in the form 

gm = dr'^ + (sinh^ r + m/(3sinhr) + 0(exp(— 3r)))(/o- 

Our result will apply to metrics which are, outside a compact set, lower 
order perturbations of Anti-de Sitter-Schwarzschild metrics. 

Definition 1.1. {M,g) is an asymptotically Anti-de Sitter-Schwarzschild 
manifold with mass m if, for some compact set K, M — K is diffeomorphic 
to minus a ball and, with respect to this diffeomorphism, the metric can 
be written (in spherical coordinates) as 

g = dr^ + (sinh^ r + m/ (3 sinh r))go + Q, 

where 

\Q\ + |Vg| + iV^gi = 0(exp(-5r)). 

Remark 1.2. A direct computation shows that the mass m coincides with 
the mass defined in [7] and [17] for asymptotically hyperbolic metrics. 

With respect to the coordinates specified in the Definition 1.1, M — K 

becomes equipped with a radial function r. Hence, given a foliation (St)t>o 
of M, we can define the lower radius and the upper radius to be 

= sup{r(x) I X € S^} and Tt = inf{r(x) | x G Tit} 

respectively. Given a family of functions ft defined on S^, we use 

ft = 0(exp(-nrj) and ft = o(exp(-nrJ) 

to denote that 

limsup(|/t| exp(nrj)) < oo and limsup(|/t| exp(nrj)) = 

t~*oo t— >oo 

respectively. 

A surface S with constant mean curvature is said to be stable if volume 
preserving variations do not decrease its area. A standard computation 
shows that stability is equivalent to the second variation operator 

Lu = -Af-{\Af + R{i.,iy))f 

having only nonnegative eigenvalues when restricted to functions with zero 
mean value, i.e., 

/ {\A\^ + R{,y,,y))f^dfx< [ \Vf\^dfi 
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for all functions / with jj,^ fd/j, = 0. 

The purpose of this paper is to show the following result. 

Theorem 1.3. Asymptotically Anti-de Sitter-Schwarzschild manifolds with 
positive mass admit a unique foliation (T,t)t>o by stable spheres with constant 
mean curvature such that 

(1) lim (rt — 6/5r+) = — oo. 

t— >oo 

Remark 1.4. A condition similar to (1) was also assumed in [11] for metrics 
that are asymptotic Schwarzschild metrics. It is an interesting question if 
one can strengthen Theorem 1.3 by weakening condition (1) to the condition 
that is sufficiently large. Its analogous version for metrics asymptotic to 
Schwarzschild metrics was solved in [14]. 

A contradiction argument implies the following corollary. 

Corollary 1.5. There are positive constants Cq and Rq depending only on 
g so that any stable sphere S with constant mean curvature satisfying 

|E| > Co and f — 6/5r<—Ro 

is unique. 

Proof. Assume there are two distinct sequences (Sj^)jgi^ and (E?)jgi^ of stable 
spheres with constant mean curvature such that 

lim = lim = oo, 



lim rl — 6/5rl = lim rf — 6/5r? = — oo, 

i— ►oo i—*oo 

and H(Y^l) = H{Tjf) for every integer i. The proof of Theorem 1.3 also 
applies to the foliations 

S| = S]' {ii<t<i + 1, 
where j = 1, 2, and so we obtain a contradiction. □ 

Acknowledgement The first author would like to express his gratitude 
to Alice Chang for many useful discussions. 

2. Outline of the proof 

We outline the proof of Theorem 1.3 in order to emphasize the main ideas 
over the technical aspects of the paper. Let iTit)t>o denote a foliation by 
stable spheres with constant mean curvature. For the sake of simplicity, we 
assume in this discussion that ft — r^ is uniformly bounded. We use the 
notation 



/d/x = |St| / f dji, 

where [S^l stands for the surface area of S^. 

Section 3 is devoted to auxiliary computations. In Section 4 we follow the 
same argumentation done by Huisken and Yau in [11] and use the stability 
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assumption in order to derive the following estimate for the mean curvature 
of St (Lemma 4.1) 

(2) ^ 4 + 167r/|St| +-/ 0(exp(-3r))(i/x 

J St 

and the following integral estimate for the trace free part of the second 
fundamental form (Proposition 4.3) 

-f |i|2d/x<0(exp(-4rj). 

J St 

In Section 5 we study the intrinsic geometry of Sj. More precisely, we 
show that after pulling back by a suitable diffeomorphism from to S^, 
the metric 

9t = 47r/|St|5r 

can be written as 

exp(2/?t)5o, 

where denotes the standard round metric on and 

(3t = 0(exp(-r:t)). 

This result implies that gt is very "close" to being a round metric. The proof 
of this result (Theorem 5.1) has two steps. 

The first step consists in deriving a pointwise estimate for from the 
integral estimate (Proposition 5.3). In order to do so, we have to exploit the 
fact that the hyperbolic metric is conformal to the Euclidean metric on the 
unit ball and so the same is true, up to a term of low order, for the metric 
g. Therefore, denoting by da the surface measure induced by the Euclidean 
metric on S^, we have by conformal invariance that 

lim / |i|^do-=lim / \Af dfi = 0, 

JSt ^St 

where the quantities measured with respect to the Euclidean metric are 
denoted with a bar. Because the Euclidean area of Ht converges to Att 
(Proposition 4.2), the identity above and Gauss-Bonnet Theorem imply that 
the Euclidean mean curvature H has no concentration points. We can then 
use Michael-Simon Sobolev inequality and the equation satisfied by \A\'^ 
(with respect to the Euclidean metric) in order to apply the standard Moser 
iteration procedure and conclude that, up to lower order terms, 

(3) sup|i|2 < C /" |ipdc7 = C-/ lipd// < 0(exp(-4rJ). 

St J St J St 

The second step consists in using Gauss equation (Lemma 3.2) which, 
combined with estimates (2) and (3), implies that the Gaussian curvature 
of St with respect to gt satisfies 

Kt = (47r)-i|St|((i?2 - 4)/4 - |i|V2) + 0(exp(-r)) = 1 + 0(exp(-r)). 

The desired result follows from this estimate. 
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Section 6 contains the main estimate that makes uniqueness possible. Set 

Wt{x) = r{x) — ft, where = 47rsinh^ft. 

We want to show that Wt converges uniformly to zero (Theorem 6.1). With 
respect to the standard round metric qq, the functions wt satisfy the equation 
(see (14)) 

Ao«;t = exp(-2«;t) - 1 + P, 

where 

/ |P|d^o = 0(exp(-r)). 

Because we are assuming that fj — is uniformly bounded, we have that 
Wt is bounded in W^'"^ with respect to and thus, we can take a sequence 
converging weakly to wq that satisfies 

(4) ^qwq = exp(— 2'u;o) — 1. 

It is well known that this equation can have many solutions. Therefore, 
we need to use the fact that the mass is nonzero in order to show that 
W{j = 0. This is achieved through the Kazdan- Warner identity [12]. Because 
the metric gt is "close" to being the round metric, this identity implies that, 
for each of the standard coordinate functions xi,X2,X3 on S"^ (see (16)), 



XiRtd/iQ = 0, for i = 1,2, 3. 

On the other hand, a careful expansion of the terms involved in the Gauss 
equation shows that the Gaussian curvature of gt is such that 

|St|^/2^t = (47r)-^|St|3/2 (^2_4)/4 

+ m(47r)"^ |St|^^^ /sinh^ r + 0(cxp(-r)). 

Hence, because the mean curvature is constant, we obtain from the Kazdan- 
Warner identity that (Proposition 6.3) 

m / Xj exp(— 3i(;t)c?/Lto = 0(exp(— r^)), fori = 1,2,3. 



Therefore, 

m 



/ Xi e^p{—3wo)dfio = 0, for i = 1,2, 3. 

Recalling that wq is a solution to equation (4) , the above identity implies that 
wq = 0. Standard techniques can then be used to show that wt converges 
to zero uniformly. 

In Section 7 we improve the rate of convergence of wt to zero (Theorem 
7.1). In order to do so, we redefine wt to be 

wt{x) = r{x) - ft, 

where ft is such that 

H = 2 cosh ft/ sinhft — m/ sinh^ ft + o(exp(— 4ft)). 
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Then, the equation satisfied by wt improves to become 

Aowt = cxp{-2wt) - 1 + o(exp(-2r)). 

Using the orthogonaUty condition given by the Kazdan- Warner obstructions, 
standard elhptic estimates show that 

\wt\c2,c = o(cxp(-rJ). 

In Section 8.1, we use the strong approximation of to a coordinate 
sphere in order to prove uniqueness of fohations by stable spheres with 
constant mean curvature. The main reason for this to work is that, with 
respect to the round metric on , the hnearization of the mean curvature 
on a coordinate sphere {|x| = r} is the operator 

L(/) = Ao/ + (2-3m/sinhr)/, 

which is invertible is m is not zero. Finally, in Section 8.2 we adapt the 
arguments used in [18] and we show that, for all r sufficiently large, we can 
find a stable sphere with constant mean curvature which is a perturbation 
of {\x\ = r}. 

3. Preliminaries 

In this section we compute the relevant formulas needed throughout this 
paper. Before doing so, we need to introduce some notation. S is assumed 
to be a stable sphere with constant mean curvature. The radial vector is 
denoted by dr and dj stands for the tangential projection of dr on TS, which 
has length denoted by \dj\. Finally, u denotes the exterior unit normal to 
S. 

We start by computing the asymptotic expansion of some geometric quan- 
tities depending on g^, the Anti de Sitter- Schwarzschild metric with mass 
m. Let {61,62} denote a ^^-orthonormal basis for the coordinate spheres 
{\x\ =r}. 

Lemma 3.1. 

(i) The mean curvature H^i^r) of {\x\ = r} is such that 

Hmir) = 2 cosh r/ sinhr — m/ sinh^r + 0(exp(— 5r)). 

(ii) The scalar curvature is -6. 

(iii) The Ricci curvature is such that 

Rm{dr, dr) = — 2 — m/sinh^ r + 0(exp(— 5r)) 

Rm{ei,ei) = Rm{e2,e2) = -2 + m/(2sinh3 r) + 0(exp(-5r)) 

-Rm(ei,62) = 0. 

(iv) The derivatives of the Ricci curvature with respect Qm are such that 

VT,Rm{dr,ei) = VT^Rm{dr,e2). 
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Proof. If we write gm as dr^ + ip'^{r)gQ, then 

Hm{r) = 2V'(r)/^(r) 

and so the first formula follows. The second formula is just direct compu- 
tation. The rotational symmetry of the metric implies that its Gaussian 
curvature is il}~'^{r) and that the second fundamental form of {\x\ = r} is 
trace free. Hence, we have from Gauss equation that 

R^{dr, dr) = -3 - V-'(r) + H^A 

and so the first identity in (iii) follows. The other two identities in (iii) are a 
consequence of (ii) and rotational symmetry. The last identity follows from 
the same type of arguments. □ 

The next lemma relates the mass m of a metric g with the Gaussian 
curvature K of a surface S. 

Lemma 3.2. The Gaussian curvature ofT, satisfies 

K = {H'^ - A)/4: + m/ sinh^ r 

-3m|9^|V(2sinh3r) - |i|V2 + 0(exp(-5r)). 

Proof. Because g is C^-perturbation of order 0(exp(5r)) of gm, we have 

R = -Q + 0(exp(-5r)) 

and 

2 + R{u, u) = 2 + Rmiiy, v) + 0(exp(-5r)) 

= -m/sinh^r + 3m|57|^/(2sinh^ r) + 0(exp(-5r)). 
The result follows from Gauss equation 

K = R/2- R{u, u) + H'^/A - |i| V2- 

□ 

Next, we derive the equation satisfied by the trace-free part of the second 
fundamental form A. 

Lemma 3.3. The Laplacian o/|Ap satisfies 

A(|i|V2) = (^^^ - |ip + iVip 

+ + \H\\dJ\^\A\j 0(exp(-3r)) + |i|0(exp(-5r)). 

Proof. We assume normal coordinates x = {x*}i=i 2 around a point p in the 
constant mean curvature surface S. The tangent vectors are denoted by 
{91,82}, the normal vector by v, and the Einstein summation convention 
for the sum of repeated indices is used. 
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Simons' identity for the Laplacian of the second fundamental form A (see 
for instance [10]) implies that 



A(|i|V2) = \VAf + HTr{A^) + H^\Af/2 - \A\* 

+ IRi^ijYnAi^Yn-^ij "I" -^iji^ k-^vjik + ^iRvkik)- 



Prom 

Rstuv = -{SsuStv - SsvStu) + 0(exp(-3r)) 

if follows that 

+ '^Rkijm-Akm-^ij — —4:\A\'^ + | j4pO(cxp( — 3r)). 

Hence, Tr(^^) = implies that 

A(|i|V2) = |Vi|2 + (^^^ - + HR,,,,A, 

+ {^kRujik + ^iRukjk)Aij + |ipO(exp(-3r)). 

On the other hand, if {ui, ^2} is an eigenbasis for A, we obtain from Lemma 
3.1 that 

1^1 

RuiujAj = -^{R{vi,Vl) - R{V2,V2)) 

= \^{R„,{vi,vi) - Rm{v2,V2)) + |i|0(cxp(-5r)) 
= |57|2|i|0(exp(-3r)) + |i|0(exp(-5r)) 

and 

{^kRvjik + yiRuk3k)Aij = V2\A\{yy^R{u,vi) - V^^R{v,V2)) 

= |57P|i|0(exp(-3r)) + |i|0(exp(-5r)). 

Thus, the desired result follows. □ 

Finally, wc derive the equation satisfied by the Laplacian of r on E. 
Throughout the rest of this paper, we will progressively estimate and explore 
all of its terms. 

Proposition 3.4. The Laplacian of r on satisfies 

Ar= {A-2\dJf)ex.p{-2r) + 2-H 

+ {H- 2)(1 - {dr, u)) + (1 - {dr, v)f + 0(exp(-3r)) 
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or, being more detailed, 

Ar = 2coshr/sinhr — m/sinh^ r — H 

+ {H -2){1- {dr,i^)) + {l- {dr,u)f -2\dJ\'^exp{-2r) 

+ |57PO(exp (-3r)) + 0(exp(-5r)). 

Proof. It suffices to prove tlie second identity. Using again normal coordi- 
nates {xi,X2}, we have from Lemma 3.1 

div^dr = {VTdr,di) + 0(exp(-5r)) 

= H'^ir) - H"'{r)\dJ\'^/2 + 0(exp(-5r)) 

= (2 — |9^|^)coshr/sinlir — m/sinh'V 

+ \dj\^0{exp (-3r)) + 0(exp(-5r)). 

On the other hand, 

divs^r = Ar + {dr, i')H 
and the result follows from the easily checked identity 

l^^l^coshr/sinhr + {dr, u)H = H-{H- 2){1- {dr, u)) 

- (1 - {dr,v) f + 2\dJ\^ex'p{-2r) + |a^^pO(exp (-4r)). 

□ 

4. Integral estimates 

We use the stability condition in the same spirit as in [11] in order to 
estimate the mean curvature H and the Lp' norm of \A\. In the next section, 
we combine these integral estimates with Lemma 3.3 in order to obtain 
pointwise estimates for \A\. Prom this section on, 

(St)t>o 

denotes a foliation by stable spheres with constant mean curvature satisfying 
condition (1). We omit the index t in the notation whenever it becomes 
obvious that we are referring to quantities depending on S^. 

Lemma 4.1. For each t, we have that 

= 4 + 167r/|Et| +-/ 0{exp{-3r))dn 

J St 

or, equivalently, 

H = 2 + A-K/\T.t\+4- 0(exp(-3r))d^. 

J St 

Proof. The stability condition implies that, after a clever choice of test func- 
tion (see [11, Proposition 5.3]), 

87r> /" \A\^ + R{v,v)dn = f \A\^ + {H'^ - ^) /2 + R{v,v) + 2dii 
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and so, because 

R(u, u) = -2 + 0(exp(-3r)), 

we have 

< 4 + 167r/|Et| +-/ 0{exp{-3r))dn. 
J St 

On the other hand, from Lemma 3.2 and Gauss-Bonnet Theorem we obtain 
that 

i?^ = 4 + 167r/|S| + 2-/ \A\'^dn + -f 0(exp(-3r))d/x, 
and thus the result fohows. □ 

This lemma combined with the equation for Ar gives us these first esti- 
mates regarding S^. 

Proposition 4.2. The following identities hold: 
(i) 

/ Gxp {—2r)dfi = TT + 0(exp(— r^)). 

In particular, there is a constant C so that 

C~^exp(2rj) < |St| < Cexp(2rt). 

(ii) 

/ il-{dr,u)fdii = 0{exp{-rt)). 

(iii) For every positive integer j 

/.|a;Pexp(-,.)*^0(e.p(-,^),. 

Proof. Integrating the first identity in Proposition 3.4 and using Lemma 4.1 
we obtain 



(5) 



47r+ / 0(exp(-3r))d/x = / (4 - 2|57p) exp(-2r)d/x 
+ -f 4n{l-{dr,iy))dn+ [ {1- {dr,i^)fdf. 



Hence, both quantities in (i) and (ii) are uniformly bounded because 

/ 0{exp{-3r))diJ, = 0(exp(2rt - Sr^)). 

Integrating the identity 

A(exp(-jr)/j) = -exp(-jr)Ar + jexp(-jr)|57P 
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we obtain, after using Lemma 4.1 and Proposition 3.4, 

/ j\dJ\''eM-jr)dfi= [ {4-2\dJf)eM-U + '^)r)dfi 

— 47r-+- exp(—jr)dijL + -I- 47r(l — {dr, v)) &c£>{—jr)dji 
J St J St 

+ / (1 - {dr, v)f expi-jr)dfi + [ 0(exp(-(3 + j)r))dii 
Jst Jst 



St 

0(exp(-3r))d^ / 0(exp(-3r))d/x. 



As a result, the third identity follows. Next, we use (iii) and the EucHdean 
isoperimetric identity to prove both (i) and (ii). 

With respect to the the unit ball model for the hyperbolic metric, the 
metric g can be written as 

5 = {dx^ + dy^ + dz^) + 0{^-^), 

where 

ibix) = - — ^— and sinhr = - — ^7^. 
1 — |xp 1 — \x\'' 

If denotes the radius of the largest Euclidean ball centered at the origin 
that is contained in the interior of Sj, then sinhr^ = 2st/(l — st^). The 
Euclidean isoperimetric inequality implies that 

area(Sf) > (367r)^/3volume({|x| = sj)^/^ = Airs. , 

where the area and volume are measured with respect to the Euclidean 
metric. Thus, denoting by da the surface measure induced by the Euclidean 
metric, we have 

(6) / 4exp(— 2r)(i// > / smh.~^ rd/i — / exp(— 2r) sinh~^ rd// 
J St J St J St 

\x\~'^da + 0(exp(-2rt)) > An - 47r(l - s^) + 0(exp(-2rt)) 

= 47r + 0(exp(-rj). 



Isi 



On the other hand, 

£ (1 - {dr,u))df, < \Et\-'/^ (^J^ (1 - {dr,i^)fdf?j ' = 0(exp(-2r:i)) 

and, recalling that both quantities in (i) and (ii) are uniformly bounded, we 
obtain from (5) that 

47r + 0(exp(-rt)) = / 4exp (-2r)d/x + / {1 - {dr,u)fdiJ.. 
J St Jst 

Therefore, (i) and (ii) follow from this estimate combined with (6). □ 
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Next, we use the stability of in the same way as in [11, Section 5] in 
order to obtain integral estimates for A. 

Proposition 4.3. The following estimate holds 

J- \A\^dfx+ j \A\Un+ j \VA\^dn< I \dJ\^0{eycp{-Ar))dn 

■/St v/St J^t J^t 

+ / 0(exp(-7r))d//. 

In particular, 

-I lipd/x < 0(exp(-4rJ). 

J St 

Proof. Integrating the identity in Lemma 3.3 and using Lemma 4.1 we obtain 
Stt-/ / |Vi|2d/x= / (|i|2 + |i||a^^|2)o(exp(-3r))d/x 

J T,t JT,t J-Et ^ ' 

+ / I \Afd\jL+ 0(exp(-3r))d/x + I |i|0(exp(-5r))d/[i. 

JSt J^t •' St v/St 

We now argue that, for every fixed £ > 0, 

(7) (87r + o(l))-/ \Afdn+\ |Vipd/x = (l + £/2) /" |i|% 

+ / |a7pO(exp(-4r))d/x+ / 0(exp(-7r))ci/x. 
7st JHt 

This is true because 

/ |i|0(cxp(-5r))d/x < / |ipO(exp(-3r4))d// + / 0(exp(-7r))d//, 

JSt "/St "/St 

|i||a7|20(exp(-3r)) < £/2|i|^ + |57|20(exp(-4r)), 
and, due to Proposition 4.2, 

lim -/- 0(exp(-3r))d/x = 0. 



" ^t 

Before we use the stability of let us first remark that, according to 
Lemma 3.1 and Lemma 4.1, we have for all t sufficiently large 

\Af + R{y, u) > \Af + 2 + R{u, v) > \Af + 0(exp(-3r)). 

Hence, the stability assumption implies that 

/ |i| V'^^M < / |V/pd// + / /20(exp(-3r))dM 

■/St -/St ■/St 

for all functions / with Jj. /d/x = 0. Using the test function (see [11, Section 
5]) 

f = u — +- udn = u — u, with 'u = |74|, 

J St 
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we obtain 

f \A\Un< I \V\A\fdn + 2u I 

+ / iu-ufO{exp{-3r))diJ,. 
Looking at the proof of Lemma 4.1 we see that 

/ \A\^di2= / C'(exp(-3r))dAt = o(l) 

and so, because 

^2 < -/ \A\'^dn, 

J St 

we obtain for every e > fixed 

(8) / \A\'^dfi<s f |i|% + o(l)-/ \A\'^dn 

J'Et J^t J 

+ / \V\A\\'^dn+ / (ti - u)^0(exp(-3r))d/Lt. 

We now estimate the last two terms in this inequahty. If {61,62} denotes 
an eigenbasis for A, one can easily check that 

|V|i||2 = 2|vi(ei, ei)|2, Vi(6i, 61) = -Vi(62, 62) 

and 

|Vip = |V|i|p + 2|Vi(ei,e2)|2. 
Using Codazzi equations and Lemma 3.1 we have that, for i,j = 1,2, 
ViA{ei, Cj) = VjA{ei, Cj) + R{i^, ej) 

= VjA{ei,ei) + |a7|0(exp(-3r)) + 0(exp(-5r)) 
and this implies that, for every e > 0, 

\ViA{ei,ej)f > {l-e/2)\VjA{ei,ei)f 

+ \dJfO{ex.p{-6r)) + O(exp(-10r)). 

Therefore, we can estimate 

2|vi(ei, 62)1^ > (1 - e)|V|i||2 + |a7|20(exp(-6r)) + O(exp(-10r)) 
and obtain that 



/ \vAfdn>{2-e) [ \V\A\fdn 

+ / |a^pO(exp(-6r))d//+ / O(exp(-10r))d/Lt. 
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To handle the last term we remark that 

[ {u- ufO{exp{-3r))dn < o(l) -f \A\'^dn 

and hence, we can rewrite equation (8) as 

/ \A\'^dn<l/{2-e) f \V dfi + o{l) -f- \Afdn 

J 'St J St J St 

+ I |5^pO(exp(-6r))d/x+ / O(exp(-10r))d/Lt. 
7st ^St 

Multiplying this inequality by (1 + e)/(l — e) (with e small) and adding to 
equation (7) we obtain 



4- \A\^d^l+ j / |vipdM< / \dj \'^0{exp{-ir))dii 

J St J St J St J St 

I 0(exp(-7r))d/Lt. 
7st 



St 

+ 



□ 



5. Intrinsic geometry 

We study the intrinsic geometry of {T,t)t>o, the foliation of stable spheres 
with constant mean curvature satisfying condition (1). More precisely, we 
show 

Theorem 5.1. After pulling back by a suitable diffeomorphism from to 
S"^, the metric 

gt = 4Tr\Et\~^ gt 

can be written as 

exp(2/3t)5o 

with 

suplAI = 0(exp(2rt - Sr^)) and f |VApd/xo = 0(exp(4rt - GrJ), 

where the norms are computed with respect to go, the standard round metric 
on S^. 

We need to show that the Gaussian curvatTirc Kt of (computed with 
respect to gt) converges to one with order 0(cxp(2rt — 3rJ). In order to do 
so, we know from Gauss equation (see Lemma 3.2) that we need to estimate 

Lemma 5.2. |Ap is uniformly bounded. 
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Proof. Suppose there is a sequence ti going to infinity and a sequence of 
points Xi in each Sj. (denoted simply by Hi) such that 

sup|A| = 1^1 (xj) = l/cTj and hm = oo. 

Consider the sequence of ambient metrics gi = cj~^ g and denote the various 
geometric quantities with respect to gi using an index i. Because Hi = aiH 
converges to zero (see Lemma 4.1), we have that for all i sufficiently large 

\Af, = Hi/2 + = aUH'/2 + \Af) < 2. 

Thus, there exists a universal constant Vq for which B^.^ (xj) fl is the graph 
over Tx-T,i of a function with gradient bounded by one (see, for instance, 
[5])). As a result, there is a uniform constant C such that, for all s < rg, 

JBl{x,)r\T., 

Furthermore, the generalization of Michael-Simon Sobolev inequality proven 
in [8] states the existence of some other universal constant C such that, for 
every compactly supported function u, 

/ dii^ <c( I \Vu\idiJ,i+ I Hi\u\dfii 

Hence, because Hi converges to zero, we have that for all i sufficiently large 
and every compactly supported function u 

(/ dni <2C / \Vu\idfj,i. 

Finally, because \A\i is uniformly bounded, it follows easily from Lemma 3.3 
that 

A,|i|2>-3|i|2 + 0(exp(-3r)). 

We have now all the necessary conditions to apply Moser's iteration ar- 
gument (see, for instance, [13, Lemma 11.1.]) and obtain that, for some 
constant C, 

1 = \A\f{xi) <C f \A\jdfXi + 0(exp(-3r,)) 

= C [ \A\'^dn + 0(exp(-3rJ). 

The last expression converges to zero by Proposition 4.3 and this gives us a 
contradiction. □ 

Next, we improve the estimate on \A\'^. The idea is to exploit the fact 
that the hyperbolic metric is conformal to the Euclidean metric on the unit 
ball. Therefore, each inherits another induced metric. The proof consists 
in showing that, for this new induced metric, we can apply Moser's iteration 



16 Existence and uniqueness of constant mean curvature foliations 

argument for \A\'^ and thus bound the supremum by its norm (computed 
with respect to the Euchdean metric). 

Proposition 5.3. The following estimate holds 

sup|ip < 0(exp(2rt - 2rt)) / \dj \'^0{exp{-4r))dn + 0(exp(2rt - TrJ). 
In particular, 

sup|ip < 0(exp(2rt - GrJ). 

St 

Proof. Recall that, with respect to the the unit model for the hyperbolic 
metric, the metric g can be written as 

5 = {dx^ + dy^ + dz'^) + 0{tp-^) 

where 

2 , . , 21x1 



V'(^) ~ ^ i — To sinhr 



1 — |xp 1 — |xP 

The surfaces T,t converge pointwise to the sphere of radius one and, ac- 
cording to Proposition, 4.2 (i) 

lim / exp {—2r)diJL = lim / da = ir, 

where da denotes the surface measure induced by the Euclidean metric. The 
trace free part of the second fundamental form and the mean curvature with 

respect to the Euclidean metric are denoted by |yl| and H respectively. Next, 
we argue that we have the necessary conditions to apply Moser's iteration 
on Ht with respect to the Euclidean metric. 
We start with the remark that 

lim [ \A\^da = 0. 
The reason is that, by conformal invar iance of 

\Afdfi, 



'St 

the above identity is true if we substitute the Euclidean metric hy 6 = ij^^'^g. 
Nevertheless, this metric is a lower order perturbation of the Euclidean met- 
ric and so, using the formulas derived in [9, Section 7] (more precisely iden- 
tity (7.10)) the remark follows. Therefore, Gauss-Bonnet Theorem implies 
that 

lim / H^da = IGtt. 



*-*°°-/Et 



We use this to argue that the mean curvature has no concentration points. 
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Lemma 5.4. For every eo > there is a positive tq such that, for all t 
sufficiently large and all x in Tn, 



Proof. Denote by Ti? the 2-dimensional Hausdorff measure and consider the 
sequence of Radon measures given by 

miA) = I H^da, 

JT,tnA 

where A is any Ti^-measurable set. From AUard's compactness Theorem we 
can extract a sequence that converges to the unit sphere in the varifold 
sense and, moreover, we can also assume that r/j converges to a Radon 
measure f] supported on the unit sphere. Lower semicontinuity implies that, 
for every K^-measurable set A, 

(9) fi{A)>m^{An{\x\ = i}). 

On the other hand, 

m^i{\x\ = 1}) = IGtt = lim / H^da = f]{{\x\ = 1}). 

Therefore, an equality in (9) must hold for every 7^^-measurable set A and 
this implies the desired result. □ 

An immediate consequence of this lemma combined with the generaliza- 
tion of Michael-Simon Sobolev inequality proven in [8] is the existence of 
universal constants C and ro such that, for every Euclidean ball Bj-q cen- 
tered at a point in {\x\ = 1} and for all t sufhciently large, we have both 
that 

/ \ 1/2 

f / u^da] <C [ \Vu\ da 
for every compactly supported function u and that 



VW{A) < Kn\dA) 

for every open subset vl of n with rectifiable boundary. A standard 
argument implies the existence of a universal constant C for which 

C-^s'^ < {Bs{x)) < Cs^ for all s < ro. 



where x is in Sj and Bs{x) denotes the intrinsic ball of radius s. 

With respect to the Euclidean Laplacian, the equation for \A\'^ becomes 
(see Lemma 3.3) 

A\Af > -4V;2|i| VP + 0(1)1^1" + l^7l'l^|0(exp(-r)) 

+ 0(exp(-6r)). 
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The zeroth order terms are bounded and so, in order to apply Moser's it- 
eration argument, we need to check that V^^l^p is in LP for some p > 1. 
Because \A\ is bounded, we have from Proposition 4.3 

/ ^'^+^\A\'^+^da = I / |i|^+'0(exp(-(3-e)r))d// 

■/St JSi JTit 

= 0(exp((2 + £)n-4rJ), 
which is bounded for all e sufficiently small. Hence, setting 

at = sup\A\, 

St 

Moser's iteration (see, for instance, [13, Lemma 11.1]) implies the existence 
of some constant C depending on e small for which 

al<C \A\^da + at i \dj\'^+^^0{exp{-{l + s)r))da\ 

+ 0(exp(-6rJ). 

Therefore, Proposition 4.2 (iii) implies that 

aj < 0(exp(-2rJ) / \A\^dii + 0(exp(-2(3 + e)/{l + £)rj). 

7 St 

The result follows from applying Proposition 4.3 and choosing e appropri- 
ately small. 

□ 

We can now prove Theorem 5.1. 

Proof of Theorem 5.1. Lemma 3.2 and Lemma 4.1 imply that the Gauss- 
ian curvature of St with respect to gt satisfies 

Kt = l- |i|V(87r) + 0(exp(2r:t - 37:^)). 

As a result, we obtain from Proposition 5.3 that 

kt = l + 0(exp(4rt - er^)) + 0(exp(2rt - 3rt)) = 1 + 0(exp(2rt - 3rt)). 

Hence, because we are assuming condition (1), Kt converges uniformly to 
one and this implies that, after pulling back by a diffeomorphism, the metric 

gt can be written as exp(2f3t)go where, according to [4, Lemma 3.7], fSt 
converges uniformly to zero and, denoting the coordinate function on S"^ by 

xi,X2, and X3, 

(10) / Xj exp {2l3t)dno = for j = 1, 2, 3. 
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Using the smallness of (3t for t sufficiently large, we have that fJt satisfies 
the equation 

AoPt = 1-Ktexpi2f3t) 

= 1 - exp(2/30 + 0(exp(2n - SrJ) exp(2A) 
= -2Pt + fiPt) + 0(exp(2ft - 3rt)) exp(2A), 

where 

f{s) = 1 + 2s - exp(2s) 
is such that \f{Pt)\ = 0{/3^). Therefore, 



(11) Pt = -f Ptdfio = 4- /(A)/2dMo + 0(exp(2n - 3r,)) 

= 0(|A|^) + 0(exp(2rt-3r:,)) 
and, combining integration by parts with Cauchy's inequality, 

(12) / |VA|'c?Mo < (2 + 0(1) + 1/2) / p^d/io + 0(exp(4rt - 6rJ). 

On the other hand, we know that the norm of the projection of Pt on 
the kernel of Aq + 2 has order OdAli) because, from (10), we have that for 
j = l,2,3, 

2 / XjPtdf^o = I Xjf{Pt)dfio = 0{\Pt\l). 
Hence, because converges uniformly to zero. 



|V/3tpd/xo > (6 + o(l)) / (/? - 'ptfdiXQ 
2 J 52 



'52 

Combining this with (11) and (12) we obtain 



/ /3f d/xo = 0(exp(4rt - Gr,)) 

JS2 



and so, by (12), the estimate on the L^-norm of the gradient follows. Finally, 
a simple computation shows that for some constant C 

Ao/3t' > - 0(exp(4ft - 6rJ). 

Thus, from Moser's iteration, we obtain that for another constant C 

sup Pt <C Pfd/io + 0(exp(4ft - 6r J) = 0(exp(4ft - 6r J). 
St 752 

□ 
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Existence and uniqueness of constant mean curvature foliations 



6. Unique approximation to coordinate spheres 

The purpose of this section is to show that a fohation by stable spheres 
{'Et)t>o with constant mean curvature must approach the coordinate spheres 
{|x| = r} when t goes to infinity. Such result is obviously false in hyperbolic 
space because we can always apply an isometry to our foliation that changes 
its center. Hence, we need to use the fact that the ambient manifold is 
an asymptotically hyperbolic space with nonzero mass. The connection 
between nonzero mass and uniqueness of the limit for any foliation will be 
made through the Kazdan- Warner identity. More precisely, we show 

Theorem 6.1. Let (T,t)t>o be a foliation by stable spheres with constant 
mean curvature satisfying condition (1). Then 

lim (ft — Hi) = and lim / \dj\'^dfj, = 0. 

t— +0O t— >oo J-^^ 

Proof. Let 

wt{x) = r{x) — ft, where = 47r sinh^ r^. 

We want to show that 

lim Wt = and lim / jVtutpd/i = 0. 

t— >0O t— +00 J-£^ 

An immediate consequence of Proposition 4.2 and Theorem 5.1 is that 

(13) lim / exp (— 2t(;t)d//o = hni / Att exp (—2wt)/\T,t\dfi 

= lim / 4exp (— 2r)d/x = 47r. 

We start by deriving a sequence of preliminary results. Combining the 
first identity in Proposition 3.4 with both Lemma 4.1 and Theorem 5.1, we 
obtain that the Laplacian of wt with respect to the standard round metric 
go is given by 

(14) Aowt = exp{-2wt) - 1 + Pt, 
where 

Pt = -2|Vou;tpexp(-2r) + (Att)-' exp(2/?t)(l - {dr,u)f 

+ exp(2A)(l - {dr, u)) + (exp(-2u;t) + l)0(exp(2rt - Sr^) 

+ 0(exp(-2rJ). 

Furthermore, Proposition 4.2 and (13) imply 
Lemma 6.2. 

/ \P\diio = 0(exp(-r:J) + 0(exp(2ft - 3rJ). 

7St 
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Note that if gt was the round metric and Pt = 0, then solutions to equation 
(14) would correspond to constant scalar curvature metrics. Because there 
is no compactness for the set of such solutions, we cannot expect to derive 
apriori estimates solely from equation (14). In order to have good estimates 
we need to prevent exp{—2wt) from concentrating at any point. This will be 
achieved because of the lemma we present next. It uses the Kazdan- Warner 
identity [12] combined with the fact that the mass of the ambient manifold 
is not zero and that has constant mean curvature. 

Lemma 6.3. For each of the standard coordinate functions xi,X2,xs on S'^ 



m / exp(— 3'u;t)(i/xo = 0(exp(2rt — Sr^)) / exp(— 3i(;t)c?/Lto 

752 

+ 0(exp(3rt - 4?:^)) + 0(exp(5rt - Gzt)). 

In particular, for i = 1,2,3, 



Proof. Recall that the Gaussian curvature of with respect to gt is denoted 

by Kf. Kazdan- Warner identity [12] says that, for the standard coordinate 
functions xi,X2,xs on S'^, the following identity holds for each i = 1, 2, 3, 



we have 





or, equivalently. 




We saw in Section 5 that 



Kt = l + 0(exp(2rt - Sr^)) 
and this implied that (see Theorem 5.1) 




Thus, 




SrJ) 



and so 



/ Kt{VPt,^Xi)exp{2(3t)dno= [ (V/3t, Vxi)d/xo + 0(exp(4rt - erj) 
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where the last equahty comes from the fact that (recaU proof of Theorem 
5.1) 

(15) / Xj exp {2Pt)diJ,o = for j = 1,2,3. 
Therefore, the Kazdan- Warner identity becomes 

(16) / XiXtexp(2A)d/xo = 0(exp(4rt-6rt)) fori = 1,2,3. 
From Lemma 3.2 we know that 

AnKt = |Et| (ij2 _ 4)/4 + /sinh^r - 3m\dJ\'^\^t\ /(2sinhV) 

- |ip|St|/2 + 0(exp(2rt-5r)) 

and hence, because has constant mean curvature, we obtain from (16) 
and (15) that 

m Xi |St 1^^^ sinh"^ r exp {2/3t) d/io 

= [ 3/2m\dJ\'^\J:tf^smh-^rexp{2f3t)dno 

+ [ \i:tf^\Af/2exp{2pt)dfio 

+ 0(exp(3ft — 5rj)) + 0(exp(5r( — 6rj)). 

The first assertion in the result follows because, due to Theorem 5.1, Propo- 
sition 4.2, and Proposition 4.3, 

/ 3m|a7|^ /(2sinh3r)d/xo = C»(exp(rt - SrJ), 

JT,t 

[ di^o = 0(exp(3ri - 47:^)), 

and 

m Xi |St|^''^ /sinh^ rd/xo = (47r)^/^m / exp(— 3'u;t)d/xo 

752 

+ 0{ft-3rt) + 0{-4rt). 

The second assertion of the lemma follows from Holder's inequality and 
condition (1). □ 

We use this lemma to prove 

Proposition 6.4. The functions Wt are uniformly bounded in VF^'^. 

Proof. Given a smooth function u on S^, denote 

S[u\ = / \Voufdfio — 21 udfio- 
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This functional has the property that, given F a conformal transformation 
of S^, then 

S[u\ = S[v\ where F*(exp(— 2u)5o) = exp(— 2^)50 • 

This invariance can be used in the same way as in [4, Proposition 4.1] in 
order to show 

Lemma 6.5. S[wt[ is hounded independently oft. 

The proof will be given in the Appendix. Prom integration by parts in 
(14) we obtain 

(17) / \VQWt\^diJLQ- / wtdfj,o = - / Wtexp{-2wt)diJ,o - / WtPtdfiQ. 
Js^ Js^ Js^ Js^ 

The last term on the right hand side converges to zero because Lemma 6.2 

implies that 



/ \wtPt\d,io < \ft - Ltl (0(exp(-rj) + 0(exp(2rt - SrJ) . 



Set 



Vt= exp {-2wt)diJo, 



which we know that it converges to An. Using Jensen's inequality we obtain 
that, for all t sufficiently large, 

(18) / \VoWt\^dno- wtdno <Vtlog(vf^ exp(-3w;t)d//o ) + 1- 

752 V ^52 / 

We estimate the first term on the right-hand side using a slightly modified 
form of Aubin's inequality [1, Theorem 6]. 

Lemma 6.6 (Aubin). Given a smooth function u in S'^ such that for all 
i = 1,2,3 



/ Xi exp (— 3'u)(i//o 
7s2 



j exp (-3u)d/xo^ < 1/2 



then, for every (5 > there is C{5) so that 

47rlog-/- exp(— 3M)(i/io < (~ + '^) / iVoitpdMo ~ 3 / udiiQ + C{8). 

Aubin's proof extends to this setting with obvious modifications. Lemma 
6.3 implies that we can apply this result and so, combining it with (18), we 
have 

C{6) < ((9/8 + 6)Vt/{A7r) -I) I \VoWt\''djiQ - (3Vt/(47r) - 1) / wtdi^o 

for some constant C{5). Therefore, using Lemma 6.5, we obtain the existence 
of some constant C{6) for which 

C{S) < {{25 - 3/4) Vt/(47r) - 1) [ wt d/xo 

752 
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and thus, choosing S sufficiently small, we get that 

wtdfj,o 



I 



is uniformly bounded from above. We already know it is trivially bounded 
from below because Vj converges to 47r and so, we can apply Lemma 6.5 and 
conclude that 

/ \VoWt\'^dno 

is uniformly bounded above. The result follows from Poincarc inequality. □ 

For any sequence tj going to infinity, we can extract a subsequence so 
that wtj converges weakly in W^''^ to wq. Furthermore, we know that from 
Trudinger's inequality [16] (see also [3, Corollary 1.8]), exp(— pu;^^.) con- 
verges in to exp {—pwo) for any p. Therefore, for i = 1, 2, 3, 

(19) m / Xj exp(— 3'u;o)d/xo = and / exp(— 2'i/;o)c//xo = 1- 

On the other hand, it is easy to recognize from (14) that wq satisfies weakly 

^qWq = cxp(— 2it)o) — 1 

and so, the identities in (19) imply that wq = 0, i.e., wt converges weakly 
in W^''^ to zero. Hence, from Rellich's Theorem and integration by parts 
formula (17) we obtain 

lim / \VQWt^diJLQ = lim / w^dno = 0. 

t-^OO J g2 t— >00 J g2 

We argue next that wt converges to zero uniformly. We start with 
Lemma 6.7. 

lim sup|97l^ = 0- 

Proof. Note that we have from Proposition 4.2 

lim / \djfdn = 0. 

Arguing like in the proof of Proposition 3.4 and using the fact that the norm 
of the second fundamental form of Sj is bounded, it is straightforward to 
see that 

\V{u,dr)\ < CiaJl +0(exp(-3r)) 
for some constant C. Combining Proposition 3.4 with the Bochner formula 
for |Vrp we obtain that, for some other constant C and for all t sufficiently 
large, 

A|97|2 > -C\djf + 2|VVr|2 - \VVr\\dJfO{ex.p{-2r)) 
+ \dj\0{cxp{-3r)) 
> -C\djf + 0{exp{-6r)). 
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Because the second fundamental form of is bounded, we can invoke the 
same reasons as in Lemma 5.2 in order find ro so that, for ah t sufficiently 
large and all x in S^, we can apply Moser's iteration argument in BrQ{x)r\T,t 
and conclude that 

sup\dJf<C [ \djfdn + 0{exp{-6r)), 

where C is a constant independent of t. □ 

An immediate consequence of this lemma. Proposition 4.2, and the iden- 
tity = 1 - {iy,dr)^ + 0(exp(-5r)) is 

Lemma 6.8. For all t sufficiently large 

0(exp(-5r)) + \dJ\^/3 < 1 - {u, dr) < \dJ\'^/2 + 0(exp(-5r)). 

A simple computation using identity (14) shows that 

(20) Aow^ > 8TTWt{cicp{-2wt) - 1) + 2PtWt 

and we want to write this inequality as 

^o^t > —Cwf — (finite sum of positive terms /j), 

where C is a t-independent constant and each term /j has its norm 
converging to zero for some p > 1. We can then apply Moser's iteration 
argument and conclude that, for some constant C, 

sup <C w^dno + C V \fi\Lp. 

This implies uniform convergence of wt to zero. 

In what follows, C is a generic constant independent of t. The first term 
in (20) can be easily estimated as 

wt{eM-'^wt) - 1) > -w'^/2 - {exp{-2wt) - lf/2, 

where the term with the exponential converges to zero in any L^-norm due 
to Trudinger's inequality [16]. Looking at the expression of PtWt (see (14)), 
we have that the the first term and the third term cause no problem because 

-\VoWt\^eM-^r)wt = 0{l)\dj \^ exp{-2wt)wt + wtO{exp{-2rt)) 

> -Cwl - C|a^|^exp(-4u;t) + 0(exp(-4rJ) 

and also 

(1 - {dr,v))wt > -w'i/2 - (1 - {dr,u)f/2 > -wj/2 - \d'J\''/S. 

The same sort of estimate works for the last two terms and to handle the 
second term we note that, by Proposition 4.2, 

/ \Vow\^\dJ\^diJiQ <9 [ (1 - {dr, v) + 0(exp(-5r)))2d/x = 0(exp(-r()). 
^52 JSt 
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Hence, for some constant C, 

/ {\J:t\{l-{dr,i^)?\wt\)'+'dixo<C [ \Vow\^+^'\dJ\^+^'\wt\'+'dfio 

<C [ \Vow\^+^'\dJf-^'\wt\'+'dfio 

= C\Lt\' ! |Vott;|'|57|Vt|^+^d/xo 

< |rt-rt|'+"0(exp(2£rt-rt)) 

and, because we are assuming condition (1), we obtain that, for some suffi- 
ciently small £, 

lim I (|St|(l-(5„J/))2K|)i+-d/xo = 0. 

□ 

7. Strong approximation to coordinate spheres 

We will start by arguing that we can choose ft such that 

H = 2 cosh ft/ sinhft — m/ sinh^ ft + o(exp(— 4rt)). 

We will then show that, with respect to gt, is o(cxp(— r^)) "close" to 
{\x\ = ft\- This is exactly the rate we need in order to prove uniqueness 
for the constant mean curvature foliation. Being more precise, rename the 
family of functions Wt on by 

wt{x) = r{x) - ft- 

This section is devoted to show 

Theorem 7.1. With respect to the metric gt, 

kt|c2.« = o(exp(-2:t)). 

Before proving Theorem 7.1 we need to argue that ft is well defined. In 
order to do so, the following proposition is important 

Proposition 7.2. The following identity holds for each : 

sup 1^71^ = o(exp(-2rt)). 

Proof. Direct computation implies the following gradient estimate 
Lemma 7.3. 

|V|97|2| < (4exp(-2r) - 47r/ \^t\)\dj\ + 3\djf + |57|o(cxp(-2rJ). 

Proof. Because g is a perturbation of the hyperbolic metric, if wc decompose 
a unit tangent vector V as V + f3dr, where V has no dr component, then 
\P\ < 1^71 + 0(exp(-3r:t)) and so 

(21) \{V-V,dJ)\ < \dJf + \dJ\''0{eM-^rt)). 
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Denoting the connection with respect to the hyperbohc metric by V, we can 
estimate 

(y, V|57p) = 2{Vvdr,dJ) - 2{dr,u){Vviy,dJ) + \dJ\0{exp{-Srt)). 
Due to Theorem 6.1 and Proposition 5.3, we know that 

supl^l = o(exp(— 2rj)). 

St 

Hence, 

{V,V\dJf) = 2(coshr/sinhr) {V,dJ) - {dr,iy){V,dJ)H 
+ o(exp(-2rt))|57| 

< {2 cosh r / sinh r - H)\dJ\ + H{1 - {dr,iy)){V,dJ) 
+ H{dr, u){V - V, dj) + o(exp(-2rJ)|a7| 

< (4exp(-2r) - Att/ \^t\)\dj\ + 3\djf + \dj \o{eM-^Lt)) , 
where in the last inequahty we used Lemma 4.1, Lemma 6.8, and (21). □ 

Choose p in so that = 0. Given q in S^, denote by 7(3) the unit 

speed geodesic connecting p to q and let f{s) = \dj\{j{s)). Prom Lemma 
7.3 we have 



ds 



where 

If we set 
then 



f < (|47r/ - 4exp(-2r)| + o(exp(-2rJ))/ + 3/^ 
< / + 3/^ 



of = sup|47r/ - 4exp(-2r)| + o(exp(-2rJ). 



V{s) = attan((3/4)V2a^s)/V3, 



and so, while V is well defined, we have f <V because f{p) = 0. Moreover, 
diam(^t) converges to 2 and therefore 



lim a^diam (gt) = lim vr 

t— ►oo t— +00 



-1 



< lim sup|4-4|Et|7r ^exp(-2r( 



0, 



where the last equality follows from Theorem 6.1. Hence, we obtain for all 
t sufficiently large 

1^71(9) = fid) < V{diamigt)/2) <at = o(exp(-r:t)). 



□ 
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The decay for \dj\ proved above combined with Lemma 6.8 allow us to 
write the second identity in Proposition 3.4 as 

Ar = 2 cosh r/ sinh r — m/ sinh^ r — H + P, 

where \P\ = o(exp(— 4r)). Thus, we obtain after integration 

H = -j- 2 cosh r/ sinhr — m/ sinh^ rd^ + ■^o(exp(— 4r))d// 

and so, the existence of ft satisfying < ft < ft follows easily. 

We also remark that a careful inspection of the term P shows that 

(22) |VP| = o(exp(-5r)) 

because, as can be seen from Lemma 6.8, Lemma 7.3, and Proposition 7.2, 
we have 

|V(a^,z/)| =o(exp(-3r)) and |V|57P| = o(exp(-3r)). 

Proof of Theorem 7.1. We know from Theorem 6.1 that wt converges to 
zero uniformly and thus, the expansion for H implies 

Ar = 4cxp(— 2ff)(exp(— 2if;t) — 1) — 8mexp(— 3ft)(exp(— 3if;t) — 1) 

+ o(cxp(— 4r)) 

= -8ift exp(-2ft) + f{wt)0 (exp(-2r)) + w;tO(exp(-3r)) 
+ o(exp(-4r)), 

where 

f{x) = exp{-2x) -l + 2x. 
Hence, from Theorem 5.1, the above identity translates to 

Aowt + (2exp(2n - 2ft + 2/3t) + o{l))wt = f{wt)0 (1) + o(exp(-2r)). 

When t goes to infinity the above operator converges to Ao + 2. Therefore, 
in order to get a good control of wt we need to control the projection of wt 
on the kernel of Aq + 2. This is achieved using the following improvement 
of Lemma 6.3 

Lemma 7.4. 

wtXidjiQ = o(exp(-rJ) + \wt\lO{l), i = 1,2, 3. 
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Proof. We saw in Lemma 7.3 that \A\'^ has order o(exp(— 4rj)) and so, we 
obtain from Lemma 3.2 and Proposition 7.2 that 

kt = l + o(exp(-r,)). 

This implies that (check proof of Theorem 5.1) 

exp(2A) = 1 + o(exp(-ri)) 

and thus, an inspection of the proof of Lemma 6.3 shows that 

m / e^p{—3wt)xidiJ,o = o(exp(— r^)) i = 1,2, 3. 
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This implies the desired result. □ 

As a result, if we decompose wt as ut + vt, where ut is in the kernel of 
Aq + 2 and vt is perpendicular to ut, we obtain from the previous lemma 
that 

|ut|c2,a = o{exp{-r_t)) + \wt\lO{l) 
and thus, because ut converges to zero uniformly, 

(23) |nt|c2,a = o(exp(-rt)) + \vt\lO{l). 
On the other hand, we have that vt satisfies 

(24) Aoi;* + (2 + o{l))vt = uto{l) + f{wt)0 (1) + o(exp(-2r)). 

Looking at the way the terms in this equation were derived and using (22) 
we see that 

\UtO{l)\cO,c = o{l)\Ut\cO,c, \f{Wt)O{l)\(.0,c < O{l)\wt\co,a, 

and 

|o(exp(-2r))|co,<. = o(exp(-2r()). 
Hence, from Schauder estimates, we have that for some constant C 

|i't|c2.« < o{l)\ut\cO:c +C\wt\QO,c +Csup\vt\ + o(exp(-2rJ) 

Moreover, |'u;t|(^o,a converges to zero (see Proposition 7.2) and hence we have 
from (23) 

\vt\c'^:" < sup\vt\ + o(exp(-r)). 

Using the same arguments as in the proof of Theorem 5.1, we can see that 
the orthogonality condition of vt, identity (23), and equation (24), imply the 
estimate 

/ w^dfio = o(exp(-2rt)). 
A simple computation shows that, for some constant C, 
^QVt > -Cvl - Cul + o(exp(-2r:j)) 
and thus, using Moser's iteration we obtain 

supu| <C I wldjiQ + C supuf + o(exp(— 2rj)) = o(exp(— 2rj)). 

□ 
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8. Existence and uniqueness of constant mean curvature 

foliations 

8.1. Uniqueness. We are now ready to prove the main theorem. 

Theorem 8.1. If the mass of the asymptotically Anti de Sitter- Schwarzschild 
metric is nonzero, then any two smooth foliations by stable spheres with con- 
stant mean curvature (Sj)^^^ and (E|)^^q for which 

(25) hm {ft - 4/3rt) = -oo 

t— >oo 

will coincide for t sufficiently large. 

Proof. We can reparametrize the fohations so that H{J^l) = H{T,f) = Hf 
for all t sufficiently large. The results in the previous section imply the 
existence of rt so that 

Ht = 2 cosh ft/ sinhft — m/ sinh^ ft + o(exp(— 4ft)) 

and for z = 1, 2, the functions 

wl = r{x) — rt 

have C^'" norm of order o(cxp(— rj), where the norm is computed with 
respect to the rescaled metric gl. From Theorem 5.1 wc know that, after 
pulling back gj by a suitable diffeomorphism, the metric can be written 
as exp(2/?t)505 where go denotes the standard round metric on S^. The 
following lemma improves the estimate on Pf 

Lemma 8.2. The functions /?t can be chosen so that 

|/3f|c2,a = o(exp(-rt)). 

Proof. A direct computation using the fact that each T,} is the graph over 
{|x| = ft} of a function Wt with |i(;^|f72,a = o(exp(— r^)), reveals that 
l^l^o.a = o(exp(— 2rj)), where the norm is computed with respect to the 
metric gQ. Combining Lemma 3.2 with the asymptotic expansion of Ht in 
terms of ft, we obtain that the Gaussian curvature of gl can be written as 

i^t = 1 + St, where l^tlcca = o(exp(-rt)). 

The functions /?t were chosen so that, for each coordinate function xi,X2, 
and X3, 

exp{2l3t)xidiJ,Q = 0, i = 1, 2, 3 
and they satisfy the equation 

Aopt = l-^texp(2A) 

= 1 - exp(2/3t) + exp(2/3t)o(exp(-r)). 

One can then use the smallness of Pt and argue in the same way as in the 
proof of either Theorem 5.1 or Theorem 7.1 in order to prove the lemma. □ 
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With respect to the coordinates (r, w) in M X 52 we consider, for each 
fixed t, the interpolation surfaces 

= {ft + (1 - s)wl{u) + swl{oj) I a; in 5^} , 1 < s < 

and set 

Ft{s) = H{Et,s). 

In what follows, we fix t large and suppress the index t in the notation 
for the sake of simplicity. From Taylor's formula, we have 

F{1) = F(0) + F'{0) + P, P= f f sF"{su)duds, 

Jo Jo 

where 

F'(0) = Aj:,(/)+ (I A|2 + R{i,, u))s,ct), (j) = w'^-w^ 
and, for some universal constant C, 

\F"{s)\ < C{\V^m + |V0P + |</.|2exp(-2r))|s,„. 
We know that F(l) = F(0) and that 

+ = _4)/2 -^/sinh^f + 0(exp(-4r)) 

= 87r/|E^| -3m/sinh^f + 0(cxp(-4r)). 

Therefore, using Theorem 7.1, we have that, with respect to the metric 

(p satisfies the following equation 

Ao0 + exp(2/3)(2 - 3m/ sinhf + 0(exp(-2r)))(/> 

+ |E^|(47r)-^exp(2/3)P = 

or, alternatively, 

Ao0 + (2 - 3m/ sinhf )^ = Q - |E^|(47r)-^ exp(2/3)P, 

where 

Q = {1- exp(2/3))(2 - 3m/ sinhf )^ - exp(2/3)0(exp(-2r))^. 

Consider the decomposition 

<i) = <po + <i>i, Q = Qo + Qi, \^^expi2f3)P = Po + Pi 

where (pOiQoi Pq belong to the kernel of Ao + 2 and ^i, Qi, Pi are orthogonal 
to (pOiQo, Pq respectively. Then 

(26) Ao0i + (2 - 3m/ sinhf )(/)!= Qi - Pi, 

(27) 3m/ sinhf (/>o = Pq - Qo, 

and it is immediate to recognize that, for some universal constant C, 

|P0|c0.c« +|Pl|cO,a < C\4>\l2,c 

and 

|Qo|co>« + IQilco.- < o(exp(-r))|(/)|co,^, 
where the norms are computed with respect to go. 
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Applying Schauder estimates to equation (26) and using the fact that 
|^|f72,a converges to zero, we obtain 

I^i|c2.« < Csup|^i| + C|^o|c2.« + o{exp{-r))\(f)o\co,a , 

si 

where C is some uniform constant. The orthogonahty condition satisfied by 
(pi can be used in the same way as in the proof of Theorem 7.1 in order to 
show that 

sup 101 1 < C|0|^2,a +o(exp(-r))|0|co,a. 

El 

Therefore, 

|0i|c2,a < C\(f)o\c2,a + o(exp(-r)) |(/)o |co.« , 

where C is some uniform constant. Because the C^'*^ norm of 0o is bounded 
by its C^'°^ norm, we obtain from (27) that 

<O(exp(r))|0|2,2.. +0(1)101 

< O(exp(r))|0o|^2,« + o(l)|0o|co.«- 

Prom Theorem 7.1 we have that 101^2." = o(exp(— r)) and thus 

|0o|co.« < o(l)|0o|co.«- 

Consequently, for t sufficiently large, (f)Q = and this implies that 0i = 0. 
Hence = for all t sufficiently large and this is the same asTij = T,^. □ 

8.2. Existence. We show existence of a foliation by stable spheres with 
constant mean curvature when the mass of the asymptotically Anti de Sitter- 
Schwarzschild metric is positive. This result was previously shown by Rigger 
[15] using a modified mean curvature flow approach. The argument we use 
is a straightforward adaptation of the arguments used by Rugang Ye in [18], 
where he showed a similar theorem in the context of asymptotically flat 
manifolds. We include the proof of existence of a foliation for the sake of 
completeness. 

Theorem 8.3. If the mass of the asymptotically Anti de Sitter- Schwarzschild 
metric is nonzero, the manifold M admits, outside a compact set, a foliation 
by spheres with constant mean curvature. Moreover, if the mass is positive, 
then the spheres are stable. 

Proof. Given G C°°{S^) and r sufficiently large, let 

E,(0) = {(r + 0(x),x)|x G S^} 

and set F{r,(j)) = H{T,r{(l))). Because the metric g is a perturbation of 
gm, we have from Lemma 3.1 that 

F{r, 0) = 2 cosh r/ sinhr — m/ sinh^ r + 0(exp(— 5r)) 

and 

{\Af + R{u, z.))s,(o) = 87r/|Sr(0)| - 3m/sinh=^r + 0(exp(-5r)). 
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For every r sufficiently large, we want to find (j) so that 

F{r,(j)) = 2 cosh r / sinh r — m/ sinh^ r. 

Using Taylor's formula like in the previous subsection, the above equation 
is equivalent to solve on S"^ 

Ao(^ + (2 - 3m/ sinh r)^ = P{(t>) + Q(<^) + AT, 

where 

N= |Sr(0)|(F(r,0) - 2coshr/sinhr + m/sinh^r)/(47r) 

satisfies 

|iV|f;o,« = 0(exp(-3r)) 
and P and Q are such that, for some uniform constant C, 

|Q(^)|co,a < o(exp(-r))|(^|co,a, 

and 

- Q(V)|co,- < o(exp(-r))|(^ - Vico.- 

Consider the map 
such that 

Ao{T{u)) + (2 - 3m/ sinh r)T{u) = P{u) + Q(tt) + N. 

The map is well defined because the operator on the left hand side is invert- 
ible. The existence of a constant mean curvature foliation follows from 

Lemma 8.4. For all r sufficiently large, the map T is a contraction of 
{u G C'^''^{S^) I |u|c;2,a < exp(-r)/r} 

onto itself. 

Proof. Set (j) = T{u) and consider the decomposition 

(/) = (/.o + 0i, P{u) = Po + Pi, Q{u) = Qo + Qu and Ar = ATo + ATi, 

such that (f)o, Pq, Qq, Nq belong to the kernel of A + 2 and Pi,Qi, Ni are 
orthogonal to (l)o, Po,Qo, Nq respectively. Thus, 

—Sm(f)o/ sinhr = Pq + Qq + Nq 

and so 

|'?!'o|c2.« < 0(exp(r))|n|^2.a +0(1)1-^1^2,0 + 0(exp(-2r)) 

< o(l) exp(— r)/r. 

Furthermore, 

Ao(t)i + (2 - 3m/sinhr)^i = Pi(n) + Qi{u) + Ni 
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and hence, we can argue in the same way as in the proof of Theorem 5.1 
and use the orthogonahty condition satisfied by 01 in order to show that 

< C\u\l,2 + o{exp{-r))\u\c2,a +0(exp(-3r)) 

< o(l) exp(— r)/r 

for some uniform constant C. Therefore, we have for all r sufficiently large 
that |0|c2,a < exp(— r)/r. Finally, we can argue in the same way and check 
that 

\T{u) — T(f)|(^2,a < o(1)|m — U|(72,a. 

□ 

Denote by the constant mean curvature sphere that is the graph over 
{|x| = r} of a function Wr with Ity^lc^." < exp(— r)/r, where the norm is 
computed with respect to the standard round metric qq. We need to show 
that S,. is stable for all r sufficiently large, i.e., we need to show that second 
variation operator 

L/ = -A/-(|^|2 + i?(z.,z.))/ 

has only nonnegative eigenvalues when restricted to functions with zero 
mean value. 

Because Sj. is the graph of a function with |u;r|c72,a < o(exp(— r)), we 
have that 

sup|Ap = o(exp(— 4r)), 

where this norm is computed with respect to the metric Qr induced by the 
ambient metric. Moreover, we also have that 

lAp +R{u,ij) = 87r/|Sr| - 3m/sinh^r + 0(cxp(-4r)). 

In this setting. Theorem 5.1 and Lemma 8.2 apply and so, after applying 
a suitable diffeomorphism, the normalized metric gr = 47r/|Sr|(/r can be 
written as exp(2f3r)go, where |/3,.|(^2,a < o(cxp(— r)). Hence, in terms of the 
metric go, the positivity of the operator L is equivalent to the positivity of 
the following operator defined on S*^ 

LqcJ) = —AqcP — (2 — 3m/ sinhr + o(exp(— r))0. 

This is true for all r sufficiently large whenever m is positive. □ 

Appendix A. Proof of Lemma 6.5 
Given a smooth function u on S^, recall that 

S[u] = / — 2 / udno- 

We want to show that S[wt] is bounded independently of t. We essentially 
follow, with some necessary modifications, the proof of [4, Proposition 4.1]. 
The main idea consists in exploiting the invariance of S under conformal 
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transformations. More precisely, we will find conformal diffeomorphisms Ft 
for which the family of functions ut defined by 

exp(-2ut)5o = ^t*(exp(-2u;t)5o) 

is such that 

/ |Vutpd/xo and / Ufd^o 

are uniformly bounded. The desired result follows because S[ut] = S[wt]. 

A standard application of Brower's fixed point Theorem (see for instance 
[2, Lecture 3, Lemma 2]) implies the existence of a conformal diffeomorphism 
T such that, for i = 1,2, 3, 

(28) / Xi eyip{-4wt o Ft + 4qt)dlJiQ = 0, where Ft*(5o) = exp(27t)5o- 
Moreover, 7^ has an upper bound given by 

Lemma A.l. There is a universal constant Co so that 

sup|7i| <Co + 2/3(rt-rt). 

Proof. Assume that the maximum of at is attained at the north pole p in 
S'^. We know that 

/ 0:3 exp(-4'u;t o T + 4jt)dno = / {-X3) exp{-4:Wt oT + 4jt)dno 

J{X3>0} ■J{X3<0} 

and so 

(29) 1/2 / exp(-4supu;t + 47t)d/xo 

J{x3>l/2} 



</ 

J{x 



exp(-4 inf wt + 47t)d/xo. 

{X3<0} 

In stereographic coordinates, 7^ can be written as 

7t(x) = log(A(l + |xp)/(A2 + \xf)) 

for some A < 1. Note that sup7t = —inf^t = — log A. An explicit compu- 
tation shows the existence of some tq so that, if 

/(r) = 8/3A^(A^ + A^ + 3r^ + SiX" + ly + + r'^f, 

then 

exp(47t)d/xo = /(O) - /(ro) 



/ 



'{x3>l/2} 

and 



/ 



exp(47t)(i/xo = /(I)- 

'{xs<0} 

Hence, there are universal constants Ci, C2, and C3 so that, for all A < 1, 
/ exp(47t)d/xo > CiA-2 - CsA^ 

J{x3>l/2} 
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and 



/ 



exp(47t)(i/io < CsA'^. 

Therefore, (29) implies that, for some universal constants C5 

< C5 exp(4 sup — 4 inf wt) + C5. 
The result follows because supiut — inf wt = ft — r^. □ 
Let 

ut = fwt oT- 7t + log(5t/2, where St = 4- exp{-2wt)diJ,o. 

J 52 

The effect of 6t is to ensure that exp{—2ut)go has volume 47r and we observe 
that, combining Theorem 5.1 with Proposition 4.2, we obtain 

St = l + 0(exp(-rj)) + 0(exp(2ft - SrJ). 

Because 

S[ut] = S[wt]- log St, 

it suffices to show that S[ut] is uniformly bounded. 
Because 

Ao7t = 1 - exp(27t), 

we have (14) that 

Aout = exp(-2ut) -1 + Qt, 

where 

Qt = exp(27t)Pt o T + exp(-2ut)(<^t - 1). 
Integration by parts yields 



; / \Vout\ 



52 

-2ut exp {-2ut) duo - 2utQt duo ■ 
52 752 



We argue that the last term on the right-hand side is bounded independently 
of t. Note that Lemma 6.2 and Lemma A.l imply that 

/ \utQt\dido < / \ut o Pt\dfio + \6t - 1\ / \ut o T~^\ex.-p{-2wt)diJ,o 

< i\rt - Ltl + Co) (0(-r,) + 0(cxp(2n - 3r,))) 
and so, because we are assuming condition (1), we obtain 

lim / \utQt\diJ,o = 0. 

JS2 

Thus, using Jensen's inequality we obtain that, for all t sufficiently large, 
(30) 2/ \VoUt\^djJo - 2 ujd/xo < 47r log -/- exp(-4ttt)d/Lto + 1- 
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Lemma A. 2. 



\VoUt\dno 

is uniformly bounded independently oft. 

Proof. Denoting by G{x, y) the Green's function for the Laplacian on S"^ we 
have 

ut{x) = utdno- AoUt{y)G{x,y)diJ,Q{y) 
and so, because VG{-,y) is in for ah y, 

/ \VoUt\diJ,o < / \AoUt\diJ,o < C 

for some constant C independent of t. □ 

This lemma and identity (28) ahow us to use an improvement of Aubin's 
inequality [1], due to Alice Chang and Paul Yang [4, Lemma 4.2 ], which 
says that under these conditions 

47rlog-/- exp{-4ut)diJ.o < 2 \V out\'^ d/io - 4: utd/io + C 

where C is a constant independent of t. Combining this with (30) we get 
that 

ut= ut djiQ 

is uniformly bounded from above. A uniform bound below follows trivially 
from exp(— 2'Ut)g'o having vohimc An. In order to bound the gradient term 
we integrate by parts again so that, for all t sufficiently large, 

2/ iVoUtP^Ato = 2 / exp{-2ut){ut - y't)diJ.o + 2{ut - ut)QtdiJ,o 



< 



2 / (exp(-2'Ut) - 2ir){ut - utldjiQ + 1 
^52 



'52 

< 27rlog I (27r)~^ / (exp(— 2ut) — 2tt) exp(2(Mj — ut))dfXQ 

+ 1 



< 27rlog / exp(— 4'U()d/xo + C 

< [ \VoUt\^dfio + C, 



where C is a constant independent of t. 
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